NOTES ON HYPERSURFACE GEOMETRY AND RELATED ANALYSIS

This manuscript provides some elementary geometric and analytic details relevant to evo-
lution of domains in Euclidean spaces arising in some problems of incompressible fluids. The
two sections are parallel and they may refer to each other. It will be updated from time to

time. Suggestions are welcome.

Notations. Most of the notations will be defined as they are introduced. In addition a list
of symbols will be given at the end of the paper for a quick reference. Here we’ll present
some standard notations and conventions used throughout the paper.

All constants will be denoted by C' which is a generic bound depending only on the
quantities specified in the context. We follow the Einstein convention where we sum upon
repeated indices.

For a domain €; and z € 0€; we denote by N (¢, x) the outward unit normal, IT the second
fundamental form where II(w) = V,N € T,00, for w € T,09;, and x the mean curvature
given by the trace of II, i.e., kK = trIl. The regularity of the domains €2, is characterized by
the local regularity of 9€) as graphs. In general, an m-dimensional manifold M C R" is said
to be of class C* or H®, s > 5, if, locally in linear frames, M can be represented by graphs
of C*¥ or H® mappings, respectively. For 9€2, throughout this paper we will only use these

local graph coordinates in orthonormal frames.

1. GEOMETRY OF EVOLVING DOMAINS

Suppose €2, C R" is a family of smooth domains with the parameter ¢, moving with a
smooth velocity vector field v(t,x), z € €;. We calculate various quantities related to the
evolution of the geometry of the domain, which are essential in the energy estimate of the

free boundary problem of the Euler’s equations.

1.1. Material derivative D,. For any z, € (2, the particle path z(t) is the solution of
the ODE:

x; = v(t, ) x(to) = o
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and the material derivative D; = 0; + V, is differentiation along the direction of z(¢) in the

space time domain in R x R. Clearly, x(t) € 0€2; if o € 0%, .

Calculations of D;N. At any zy € 08, DN (to,z0) L N(to,z0) since [N(t,z)] = 1. To

derive DN (to, o), let 7(t) € T,)082; be a solution to the linearized particle path ODE:
D, 7=V, v T(to) = 70 € Ty Oy,

At (to,z), DiN - 79 = Dy(N - 7) = N - Dy7 = —(Dv)*(N) - 79. Therefore, we have

(1.1) D,N = —((Dv)*(N))".
Calculation of D;dS. For any x € 9, et {y',--- ,y" 1} be a local coordinate systems of
a neighborhood of x on 0. Let G = (¢5;) (n—1)x(n—1) Where g;; =< 8?/“ % >, then the area
element

dS = /det(G)dy'dy? - - - dy™ "
Thus,

Dt(det<G)) 17 2 -1 1 -1
—— 2 dy dy” - dy" T = =tr((D,G)G™1)dS.
N y dy y Qr(( 1G)GT)

Since the ratio between D;dS and dS is coordinate independent, which is the determinant

DtdS ==

of the linearization of the flow map generated by the vector field v, we may simplify our

9

——} form an orthonormal basis at x. Using
Y 6y

calculation at x by requiring that {Biyl’ e

Dta%i = V s v, we obtain, at x,
oy?

9 9 L0
Dttl"(G)—Dtg”—2<vaiyl’U,a—yl>—2<vaiyz’0,a—yz>+2<vaiyl(?} N),a—yz>
It implies

(1.2) D,dS = (vtk +D-v')dS.

Covariant differentiation D, . For the family of hypersurfaces 99, with the velocity field
v we define parallel transport along the material line z(t) as follows. Given a tangent vector

To € Tyy04,, let 7(t) be the solution of the following ODE:
(1.3) D,r L Ty08 < Dy = (Vv - N)N, 7(to) = To.

It is easy to verify that 7(t) € Ty;)0€) and that this transport preserves the inner product.
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A natural connection between T0$; C R" for different ¢ along the materials lines is
provided by the above parallel transport which induces the covariant differentiation D, , the
projection of D, in R"™ acting on w € T,)0€); C R". This covariant differentiation induces
the covariant differentiations of linear (multilinear) operators on tensor products of 70,

and 709, which will also denoted by D, . For example, given a family of linear operators

L(t) on Tx(t)aQt and T(t) < Tx(t)&Qta
(D] L)(r) =D (L(r)) = L(D/ 7).

Calculation of D/ II and D,x. Given 7 € T,,08;,, let 7(¢) be its parallel transport along

the material line z(t) which enable us to compute
(D/T)(7) = D/ (II(7)) = (D,V.N)" = (V,D,N + Vip, ;N)" = D,D,N + II(([D, 7)) ")

From (1.3) and (1.1), we have

0
(1.4) Dy, 7] = Dy7 — VT(a +v) = (Vv-N)N =V,0=—(V,0)T,
(15) (DI ) (7) = —D, ((Dv)"(N))T) = T1((V+0)").
To calculate Dyx at (o, o), we take an orthonormal frame {r,...,7,_1} of T,,0€, and

parallel transport it into an orthonormal frame along z(¢). Thus Dk = Dy(Il(7;) - 1) =

(D/TI)(7;) - 7; and (1.5) give slightly different but useful forms for D;x

(1.6) Dk =—D - (Dv)*(N))" —1I(7;) - Vo = —Apqu - N — 211 - (D" | 700, )v)

(1.7) Dk = — Agov™ — v |TI2 4+ (D - (v 7).

Calculations of commutators involving D;. In the following, we will calculate the com-

mutators of D, with operators H, N, and Ayq, to show that they are of lower orders.

o D, H|f=A2Dv-D*f; + Vfy - Av).

To start, we write the basic formula for any function f(¢,x), x € Q,

(1.8) D,V f =VD.f — (Dv)(V[).

For the tangential gradient, using V' f = Vf — (Vyf)N, it is straight forward to obtain

(1.9) D/ V'f=V'Df—((Dv) (V' )’



4 NOTES ON HYPERSURFACE GEOMETRY AND RELATED ANALYSIS

Let f(t,z), x € 0S4, be a smooth function. Recall fy = H(f) represents the harmonic

extension of f into €2;. We have
(1.10) AD, fr; = DiAfy +2Vv - D?fy + Vaufr = 2Dv - D*fy + V fy - Av
which implies

D;fy = H(Dif) + ATPAD, foy = H(Dyf) + A (2Dv - D* oy + YV fa - Av).
Therefore we can write
(1.11) D/H(f) = H(D.f) + A (2Dv - D*f3, + V fr - Av).

e [D, A g=A"2Dv-D?*A™ g+ Av-VA™g).
Next, we calculate [Dy, A7, Let g(t,z), z € Q be a smooth function and ¢ = A~ lg.
From the first half of (1.10) where Af = 0 was not used,

Dtg = DtA¢ = ADt(b — 2DU . D2¢ — A/U . V¢
Since D;¢|gn, = 0, we obtain
(1.12) DA g =A"'Dg+ AT (2Dv - D*°A7 g+ Av- VA g)

o D, N]f=VNAT(2Dv-D*fy;+VfrAv) = Vfy-Vyv—Vygrpv-N.
To calculate the commutator of [Dy, N], from (1.1), (1.8) and (1.11), we have

Dy(Vfr-N)=VNDifr — V- Vyv+ Vfy DN
= VNH(D:f) + A7 (2Dv - D* frg + V f - Av)] — V fr - Vyv — Vg v+ N.
Thus,
(1.13) DN(f) = N(Dsf) + VNAT (2Dv - D* g + V fr - Av) = V fy - Vv — Vg v - N,

o [Avo,,D)f =2Df - (D"|ron,)v) + V' - Apg,v — Vg0 N.

In order to calculate the commutator [Agq,, Dy] at xy € 0, take an orthonormal frame
{71, ..., Tn_1} of T, 0€. We first extend this to an orthonormal frame to T,,0Q, for all x €
08, close to xy by parallel transporting {71, ..., 7,1} along geodesics on 92, starting from
xo. Parallel transporting them again along the material lines x(t), we obtain an orthonormal
frame {7y,..., 71} of T, 00, for all (t,x) near (tp,x0). From the standard Riemannian

geometry, this orthonormal frame satisfies the property that, at (ty, z¢), D7; = 0 and [7;, 7;] =
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D,,7j — Dy, 7 = 0, which will be used repeatedly. For any smooth function f(t,z) defined on
6Qt, at (to,l’o),
DtAOQtf :Dt(vijij - VDTjij) - VTthvij + V[Dt,Tj]vij - V[Dt,DTjTj]f
=V VoD f +Vo Vi, r1f + VD, )V f — V[Dt,DTjTj]f
=0p0, Dy f +2D*f (75, (D, 75]) + Vo, (1,74, Dr, 751 f -

For any vector field 7(t,z) € T,00, it is easy to see that [Dy, 7] € T,0€; since (a)

7,8 4+ v € T(U0Y) = [Dy, 7] € T(40¢) and (b) [Dy,7] = D7 — Vv does not have

% component. Thus, D, [Dy,7;] — [Dy, Dy,7;] € TS, and we can drop all the normal

components in its calculation. Using D, 7; = V.. 7; + kN and D7; = 0 at (to, zo), we obtain
at (to, o),
D.,[D,, 73] — Dy, Dy,75) = (Vo [Dy, 7] — Di(Voy7; + 6N))
=(V;,Di7; — V., V0 =DV, 7 — kDN) T = —(Apq,v) " + k((Dv)*(N))) .
Therefore, from (1.4),
(1.14) DAy, f = Do, Dif —2D*f - ((D ' |7o0,)v) — V' [ - Apa,v + £V gT 0 - N.

Calculation of D?k. This calculation starts with formula (1.6). Since II : T9; — TOQ,
then I1 - DT |ppq,v = I - Vl]rsq,v. Let {71,...,7,_1} be an orthonormal frame which is
the parallel transport of an orthonormal frame 7,0, along the material line z(t) € 0.

From (1.1), (1.5), (1.8), and (1.6), we have at (o, xo),

(1.15)
D’k = — D Agg,v - N — Apg,v - DN — 2(D/] (II(;))) - Vv — 201(7;) - Dy(V,,0)

= — D;Apo,v - N + Ago,v - (D) (N)" + 2D, (Dv)*(N)") - Vv
+ 2I1((V,0) ") - Vv = 21(7;) - Vv — 211(7;) - V., Dy + 211(7;) - (Dv)*(7;)
=—DyApo,v- N — 20T (D" |ro, Div) + Aag,v - (Dv)*(N)T +2[D (((Dv)*(N))")
+ (D" o, v) ] - (Do, v) + 211 (Dv)*|ra0,) "

To compute D;Apg,v - N from (1.14) we need the general formula

D?f(r,7") = D*f(r,7") — (II(7) - 7 )V f.
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for any 7,7 € T,,0¢,. Therefore,
(1.16)
~DAs,v - N == N - Ngo, Dy + 2N - D*vo(7, (Vov) ") = 2(Vyv - N)AT- (D7 |roq,,v))
+ N - Vo((Apa,v) ") — &|(Vo)*(N) T2
When v and ) satisfy the Euler’s equation, the expression for D?x can be written as

(1.17) D?k = —N - Apo,Dyv + 211 - (Do) + 1

where we signaled out the important terms in the above equation

2. BASIC ESTIMATES FOR DOMAINS WITH LIMITED REGULARITY

In free boundary problems, it often happens that the moving domain €; is of class H®
and moves with an H®° velocity field with sy < s. Moreover, the estimates usually involve
functions and vector fields defined on €; and 0€;. Therefore, in this section, we consider
collections A of domains 2 which are H*° close to some reference domain and bounded in
the H*® class in some sense to be defined rigorously. We will outline some basic estimates
on functions defined on €2 and 9€) and some related operators. Through tedious derivation,

these estimates will be guaranteed to be uniform for all 2 € A.

2.1. Sobolev norms. Let Q2 C R™ be a bounded connected domain, viewing H*(f2), s > 0,

as a quotient space of H*(R"™), define the norm

91r(0) = H{[Gls@ny = G € H(R"), Glo = g}

where | - |gs(rny is defined through the Fourier transform as

Gl ey = | (1 EPYIGEOR s

As usual, for s > 0, H§(€2) represents the closure of C§°(€2) in H*(€2) and H*(€2) is isometric
to (Hg(2))*. It is important to note that with this definition of H® norm the constants in
Sobolev embedding (H® — L? or C'*) are independent of §2. The relationship between this
definition of H® norm and the standard definition will be explored later on page 13.

C' N H? boundary 9). To consider functions defined on 99, let © C R" be a bounded
connected domain with 9 of class H?> N C*. Consider the local graph coordinates of 9 in

orthonormal frames. When two coordinate charts of this type overlap, it is easy to verify that
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the transition map between these two local coordinate maps is also of C* N H?. Therefore, on
99, the definitions of spaces C*(9Q) N H?(99Q) of scalar functions and C°(9Q) N H'(9N) of
(k,1)-type tensors, though defined in local coordinates, are independent of the choice of local
coordinates. The Christofell symbols and the usual geometric quantities of the hypersurface
09, such as the second fundamental form and mean curvature are well-defined in L*(92) and
the sectional curvature is in L'(9), for it is like the square of the second fundamental form.
As these will be referred to later, we give the explicit formula in local coordinates here. Let
{e1,...,e,} be an orthonormal frame and (z',...,z") be the coordinates associated with

this frame. Suppose Q locally is given by 2 > f(z!,... 2" ') with f € H*N "', then using

(x!,..., 2" 1) as the local coordinates, we have

The Christofell symbols Ffj = M,

V1+|V£?
0 0 Oii f
The second fundamental form II(—) - — = — Y
(Gﬂ) 0xJ V1+|Vf2
(2.1) Mean curvature kK = —0, 7 - = - A/ T+ aifajfaijf?, ;
VI+ VS I+ [VfP)z A+ ][Vf]P)?
_ 0 9 0 0. 0ufdif— (9if)?
Sectional curvature R(%, B’ Bt 6xj) = L+ VP
1 .
Beltrami-Lapalace Agop = trD*¢p =D -V '¢p = ——o-—0; (g” V14 |Vf|20jgz5> ;

V1I+|Vf]2

where the matrix (%) = (6;;+9;f0;f)~". For a C°NH" tensor T of (k,[)-type, the covariant
derivatives DT is a (k,l + 1)-type tensor in L?. For any (k,[) tensor T} and (k,[+ 1) tensor
Ty in C° N H', one may verify, possibly through smooth approximations of 952,
/ (DTY)-ThdS = [ (T DTy(-,-)) dS.
o9 o9

where, on the above right side, DT5(+, -) denotes the (k, )-type tensor define by DT5(X,Y)(---) =
(DxT2)(Y, ).

From this identity, for any L? tensor 7', one can define DT, in the distribution sense, as
in the dual space of C° N H'! tensors. It is straightforward to verify that, for any (k,)-type
tensor T in C° N H!, we have

(2.2) / T -DpqTdS = — | |DT|*dS.
oN o0
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If T,DT € C°N H', we have
/6(2 |A89T|2ds - /(‘)Q |D2T|2 + [DR(XJNXJ'Q)XH T — R<Xj17Xj2) Dle T} ) DXJQ T

1
(23) ~ SIR(X,, X,,)TPdS.
Here {X1,..., X,,_1} is any pointwise orthonormal frame of 92 which always appears in the
trace form resulting in the independence of the corresponding quantities of the choice of the

frame. The curvature acts on T in the usual sense
R(X,Y)T = DyDxT — DxDyT — Dy x;T = D°T(Y,X) — D°T(X,Y).
Though R(X,Y)T seems to contain derivatives of T', one may calculate
(R(X,Y)T)(X1,Xs,...)=-T(R(X,Y)X1, Xo,...) = T(X1;,R(X,Y)Xs,...) — ...

So the dependence of R(X,Y)T on X,Y,T is only pointwise and R vanishes if 7" is a scalar
function.
Since I — Ayq is a positive self-adjoint operator on L?(9Q), for ¢ : Q2 — R and r > 0, we

define the Sobolev norm | - |gr9q) on the surface 052 as

|3 00) = /an (T — Apq)26)%dS; |- 200 = | - |H0002)-

As usual, for r > 0, | - |g-r@q) coincides with | - |gr@0)-. One may note here, since the
Christofell symbols T'}; are only in L?, while |T|x150) < oo implies that DT € L*(99Q)
from (2.2), it does not imply that T is in H' in local coordinates, except when T is of
(0,0)-type, i.e. a scalar function. Similarly, from (2.3), |T|p2@0) < oo does not imply

DT € L*(09).

Remark. When n =2, 052 is 1-dimension and Asq = Oss where s is the arc length param-

eter, which is well defined if OQ is in W', In fact, 00 € H®, s > 3, is sufficient for the

27

definitions of all the objects intrinsic in OS).

H* boundary 02, s > ”T“ For the purpose of this paper, we assume 02 C R" is in H*
with s > ”TH On the one hand, we defined the norm | - | Hr(a0) using the Beltrami-Lapalace
Apq in the above. On the other hand, an obvious and traditional way to define the Sobolev
space H"(0Q2), —s < r < s for scalar valued functions and 1 —s < r < s—1 for tensor valued

functions, is through local coordinate coverings of 0€2 and the definition of the Sobolev space
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H"(R"!). From standard Sobolev inequalities, it is easy to see that the latter definition
of the spaces H"(02) is actually independent of local coordinates and naturally induces a
topology on H"(0€2). In particular, when r > 0 is an integer, straightforward calculation also
shows that a function f (or tensor field) belongs to H"(992) if and only if f, D" f € L*(9).

In fact, we have

Proposition 2.1. For r € [—s,s| (r € [1 —s,s — 1] for tensors), the norm | - |gr@aq) s

equivalent to the norm on H"(0Q2) defined by using local coordinates.

The proof of this proposition follows from the standard elliptic estimates using the local
coordinates along with interpolation. In particular, when s is an integer, one may also prove
it geometrically. In fact, the proposition clearly holds for r = 1 and r = 2 due to (2.2)
and (2.3) and Sobolev inequalities. When r is an integer and r € [3,s] (r € [3,s — 1] for

tensors), the proposition can be proved by using the following identity
(2.4) ([Asq, DIT)(X) = R(X, X;)Dx, T + (Dx,R)(X, X;)T + (R(X, X;)D T)(X;).

Finally, for non-integer or negative r, the proposition follows from interpolation and du-
ality. Another implication of (2.4) is that D : H"(0Q) — H"'(09Q) is bounded and
|- | Lar 99, 57-1(00)) depends only on R and its derivatives.

It is well known that the regularity of {2 can be determined from the regularity of its

mean curvature .

Proposition 2.2. Let 2 C R"™ be a domain such that 00 € H®*°, sq > "TH Suppose

|k|s—2(00) < 00 with s > sg, then OS2 € H”.

Proposition 2.2 can be proved by using local coordinates and standard quasilinear es-
timates. Another proof can be based on the following identity which is also used in a
priori estimates. Intuitively, let e : 9Q — R™ be the imbedding, then II = —N - D?%e and
k= —N-Apq e, where II is viewed as a symmetric quadratic form. Thus it is expected that

the difference Agoll — D?k should be of lower order terms only. In fact,
(2.5) —Apoll = —D?*k + |T1JIT — xIT2.

To prove the identity, at any x € 9, let \;; ¢ = 1,...,n — 1, be the eigenvalues of II(z)

and X; be the associated eigenvectors which form an orthonormal frame of T,.0¢). Parallel
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transport this frame to every base point in a neighborhood of x on 0f) along the radial
geodesics emitting from z. From the construction, we have Dx, X; = 0, [X;, X;] = 0, and

II(X;) = \X; at z. For any X = o/ X; with constants a',...,a"" !, at z,
(Aoell)(X, X) =(Dx,Dx,I)(X, X) = Vx,(Dx,1)(X, X)) = Vx, ((DxII)(X;, X))

=(Dx, DxIN)(X;, X) = (DxDx, 1) (X, Xi) + (R(X, Xi) ) (X;, X)

=Vx((Dx,ID(X, X;)) + I(R(X;, X)X;, X) + (X, R(X;, X)X).
For the first term at z, from the construction of our special frame,
Vx((DXZH)(X, Xz)) = Vx((Dxﬂ)(X“ Xz)) — VXVXH - 2H(X7,, DXDXXz) = Dzlf(X, X)

To calculate the remaining two terms, one may substitute X = a’ X and use II(X;) = )\, X,

the symmetry of R, and the following calculation

AR(Xi, X)) Xi - Xy, =R(X:, Xy, + X5,) Xi - (X, + XG,) — R(XG, Xy, — X5,) Xa - (X, — XG,)
=I1(X;, X)X, + Xj,, X, + Xj,) — (X, X, + Xj,)?

— TI(X;, X)X, — X

J2»

X, — X5,) + (X, X, — X,)°

:4(5] >\i)\j1 — 452']'1 (51']'2 )\22

12
Equality (2.5) follows consequently.

H?° neighborhoods of domains, sq > "T“ Given a domain €, with 0€2, in H*°, we need
to consider the following type of H® neighborhoods of €., a bounded connected domain in

R™, which are bounded in H* for some s > sg.

Definition 2.1. Let A = A(Q, s, s, L, 0) be the collection of all domains 2 satisfying

(A1) there exists a diffeomorphism F : 00, — 0Q2 C R™, so that |F — idsq,

Ho0(00%) < 5,'

(A2) the mean curvature k of 0S) satisfies |k|gs—2(90) < L.

From Proposition 2.2, every 2 € A is in H®. Given (), and sufficiently small § > 0, in
the following, we will derive some estimates with bounds C' uniform in 2 € A. Since 0f), is

compact, for any o > 0, there exist z; € R" and d,d; € (0,1],i=1,...,m,
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(B1) B(0RQ,,d) C U™, R;i(d;) where each R;(-) = Ri(-) x L;(-) € R" with R;(-) and I;(-)

being an open (n — 1)-dimensional disk and an open perpendicular segment in R™,
both centered at x; and of the given radius and half length, respectively;

(B2) For each i, z = (21, ..., 20,1, 2n) = (%, 2,) being an Euclidean coordinate system on

R;(+) x I;(+), there exists an H*® function f,; : R;(2d;) — I;, so that
(26) ‘f*l'|co < O'di, ’Df*i|CO <o, and Q.N Rz(de) = {Zn > f*z(é)}

For any ¢ > 0 with a fixed coordinate covering {R;(d;)}", of 0, of the above type,
it is clear that, when § > 0 is sufficiently small, {R;(d;)} is still a coordinate covering
of any 002 € A satisfying (B1) and (B2) with coordinate functions {f; € H*}™,. This will
provide us some technical convenience in deriving estimates uniform in 2 € A. The following

proposition is a refinement of Proposition 2.2.

Proposition 2.3. Given ()., there exists 0 > 0 such that, for any L > 0, there exists C' > 0
such that the second fundamental form of any Q) € A satisfies

|11

Hs=2(09) < C.

Proof. The proof follows simply from the standard elliptic estimates and we will only give

a sketch. With 02 € H® due to Proposition 2.2, we will use the above coordinate covering

{R;(d;)}™, and the coordinate functions {f; € H*(R;(2d;))}™,, whose H*°(R;(2d;)) norms
are uniformly bounded in ¢ and Q. Let v : [0,400) — [0, 1] be a smooth cut-off function

supported on [0, 3] and 7][0’%] = 1. On each R;(2d;), let

W@ =2, k@) =@ ), =

where £ is the mean curvature of 9€2. It is clear from the definition of A that |x;

H1=2(Ry(dy)) 19

bounded uniformly in i and € for s; = min{so+2, s}. From the mean curvature formula (2.1),

_pg g DdiOntig 25— A f,— 2D - D,
At Ty ppOnnd = HIVAF)R: = Avefi = 2D D
aleanl
+ 1 JJF—W]]@P (Ojrjo i fi + 05,70, fi + 03,%i0;, 1)

Since v is supported on [0, %], without loss of generality, we may treat f; as compactly

7d;

supported on the ball of radius -7

because f; can always be replaced by :y(%) fi(2) where

7 and ’y|[0%] = 1. By partition of the unity and

7 is a cut-off function supported on [0, §
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the Inverse Function Theorem, (fi,..., f;n) can be expressed by g = (g1, ..., gm) with the
same regularity and similar estimates. Thus, dividing both sides of the above equation by

(1+|Vfi]?)z, it can be rewritten as
—Ag+ Ay, (2,9,09)05,5,9 = 4+ G(z, g,09),

where Aj,;,, Gi, Go are smooth in their arguments and A; ;, < Co? so the left side is
uniformly elliptic. In this form, the estimate on |g|g= (rn-1y Uniform in €2 is obtained following
the standard theory of quasilinear elliptic equations. If s; < s, this procedure can be carried
out again with sy replaced by s; = sg + 2. Thus the desired uniform estimates on f; in H*®

follow by repeating this procedure. O

Remark. 1) One can also prove Proposition 2.3 based on (2.5).

2) A more careful estimate can be obtained for 11 in terms of k.

Using (2.2), (2.3), (2.4), and the above uniform estimate on II, which implies the uniform
estimate on the curvature R, it is easy to prove that, for any tensor 7' € H"(9), r €

2 —s,5s—1] (r € [1 — s, s| for scalars), we have

for some C uniform in 2 € A.

From the uniform estimates on those (uniformly fixed) local coordinates derived in the

above proof, it is also clear that the constants in the Sobolev inequalities (e.g. | - |ms@0) to

LP(092) or C*(01) for s < k) are uniform in € A. The two most used inequalities in this
paper are for f € H*(0N2) and g € H**(09), s1 < sq,

n —

1
<C|f and 0 < 51 + S9

|fg

a1 (00)| 9|12 (002) if s <

o122 (9Q)

-1
n and 0 < s1 + $9.

|fg

o0 < C|f

11 (09) 9] 52 (000 if 55 >

Similar inequalities hold for f and g defined in (2.

2.2. Dirichlet-Neumann operator. Given {2, in order to study the Dirichlet-Neumann
operator for domains Q € A 2 A(Q,, so, s, L, §), we need to first construct local coordinate

maps on each R;(2d;) for each €, which flatten 02 and have estimates uniform in € A,
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based on the above coordinates functions of 9.

Local coordinates and partition of the unit. From Proposition 2.3, 092 N R;(2d;) is
represented as the graph of an H® function f; : (2d ) — R. Let ¢ = ~; f; with +; defined in
the previous proof. A standard way to extend ¢ to a function ® € H s+%(R”) is through the
Fourier transform with an appropriate constant a:

(L+ () +. .+ (")) .
(1+(&h)* + ---+(£ )?)*"

Since s+1 > 2+1 and @ is bounded in H s+3 uniformly in i and Q, | D®|co is also uniformly

(2.8) O, ) =a o, ... e

t\.’)\»—t

bounded. Therefore, there exists b > 0 so that
(2.9) Hi(Z', ..., 2") = (Y 2 b+ @2, .. 2)

is a diffeomorphism so that | H;

H ) and |(H;)™! 1o+ gy AT bounded uniformly in i and

Q. Let G; = (H;)™" and g;(2) be the n-the component of G;, then |g;

Hs+2 (R") 3%917 and

(0., 9;)~" are bounded uniformly in 7 and €. Obviously, there exists a uniform &, > 0 so that

(Riédi) « Ii(gé*di)) no = Ri(gdi) y Ii(gd*di)) A {g: > O}.

Based on the local coordinate maps, we can construct partition of the unit satisfying

estimates uniform in Q if § is small. In fact, take v, £ : C*([0, +00), [0, 1]) so that supp(y) C

[0, g]a 7|[o,§] =1,{(r)=rforr Z , and §| 0.1 = 5. Define
~ |§| |Zn| m s~ fS/*Z o Gl .
V*Z(Z) - 7(?)7((5 d ) n= 5 © Ei:l(fy*i o Gz)? Vi = n ) Yx0 = (1 — Ei:17*i)X(Q)‘

It is straight forward to verify that .o, Vs1, .- - Vam € H”%(R", 0, 1]) satisfy

-~ 5 5
. < . (Zd, (Z68.d
e S C, supp(ysi) C RZ(4dl) X 11(45*d1)),

’%«i

fori=1,...,m, and (X" y7.)|a = 1.

Remark. Using the above local coordinates and partition of unity we can establish the
equivalence of the standard H® norm and the norm given in definition 2.1 for integer £ €
(—s — %, s+ %) The ratio of the two norms is bounded above and below by two constants

depending only on A.
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Trace and Harmonic extension. Let s; € (3, s + 1]. Using the partition of the unit and

the above local coordinates, it is straight forward to obtain the trace operator estimate

(2.10) | (P]on)

< C|v

173 (90) He1(Q)

for any W € H*(Q2) where C' > 0 is uniform in © € A.

In order to obtain the estimate on the Harmonic extension operator, we first construct
an extension for convenience. Let sy € (0,s] and ¢ € H*2(02). Take the same auxiliary
functions v and & used above. For each 1 < i < m, let ¢;(2) = 7(%)¢(Hi(2, 0)) and ®;(z)
be the extension of ¢;, defined in the way of (2.8). Let

~ z Zn m
b =anEndh, w=snaea
where ¥, can be viewed as a function defined on R™ D . Let
2]\2.  |2n] m 0,
mi(z) ZV(Z)QV(E% n=_E§o X (moG), V= ?

It is easy to verify that U € H‘SQ*%(R") is an extension of ¢ € H*®(0N) satisfying the

estimate

(2.11) ks

)< Clu

HA2+E (R H2(59)

with C uniform in Q2 € A.

Using the partition of the unit and the local coordinates we constructed above and follow-

ing the standard procedure, we have

Lemma 2.4. There exists C > 0 which depends only on the set A so that, for s; € [%, s

-1 < C.
A ’L( (Q))HH’L( ))—C

B R (@) ot Ho (@), H 1T (0

Dirichlet-Neumann operator. Following from the above estimate, the Dirichlet-Neumann

operator N : H*1(0Q) — H*'~1(99Q) can be defined and it has a uniform bound for s; € (1, s|.

In fact, we can extend A into a weaker form defined on H*®'(99Q) for s; > 1. Given

f e H2(09), define N'(f) € H2(09) as
<ON() = [ Vi Vinds

for any v € H %(89). It is easy to prove that

1) N is self-adjoint in L?(99) with compact resolvent;
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2) the kernel ker(N') = {const};
3) C|f|H2 (0) = > |N(f )|H,7 (o) = C|f|H2 o) for any f satisfying [, fdS = 0.

The first inequality of 3) follows from the uniform bound on H. In order to prove the second

inequality in (3), one notices that

b 00 N D3 ey = <f,/\/'(f)>|=/ﬂ|VH(f)|2dx.

From the estimate of the trace operator, we only need, for any f satisfying [ oo JdS =0,
H(H)e2@) < CIVH() 2@

with a constant C' uniform in f and €2. This inequality can be proved by a compactness
argument. Thus, by duality and interpolation, N can be extended to H*'(99) for all s €
[1 —s,5] and [N s (90),151-1(a0)) is bounded uniformly in . Moreover, for f € H*(99)
with [, fdS = 0, we can obtain | f|gsa0) < CIN(f)

is simply the elliptic estimate under the Neumann boundary condition — very much similar

s-1(a0) With C uniform in 2. The proof

to the derivation of the harmonic extension estimate, except in the first step, instead of
< CIN(f)lus—1(00) and VN EF = N(f) on

0€), by using a slightly different formula of the same fashion. Therefore, from interpolation,

using (2.8), we need to construct F' with |F

H"3(Q)

we have, for any s; € [3, s,

f

1 00) < CIN(f)aa-1009), it [ fdS=0
o0

with C uniform in . moreover, this inequality holds for s; € [1 — s, s| by duality. Based
on these estimates, we can use I + N to define the Sobolev norms which are equivalent to

those defined by using I — Agg uniformly in 2, i.e.

Proposition 2.5. For s; € [—s, 5|, the norms on H*(99Q) defined by interpolating I — AT
and I + N are equivalent, i.e.

]_ S1 s1
6([ — Aag)7 < (I +N)Sl < C(I - Aag)7

with C' uniform in Q € A.

Furthermore, for s; € [—s,s — 1],

N7LHS(0Q) — HPHOQ),  H*(0Q) = {f € H*(dQ) | fdS =0}
o0
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is well defined and bounded uniformly in . A~ defined on -H 2 (092) induces the solvability
of the Lapalace equation with Neumann boundary data given in H~2(9).
To demonstrate that N behaves like differentiation, we give the following “product rule”.

Given functions f and g defined on 0f2. Since

Srgrn — AT A(frugr) = H(frgnloo) = H(fg) in €2,

we obtain
(2.12) N(fg) = IN(g) + gN(f) = 2VNATH(V fr - Vgn).

Since N is like differentiation, coordinate independent, and self-adjoint, appearing naturally

in the Euler’s equation, it is sometimes convenient to express the Sobolev norms on 92 by N.

Relationship between N and Ajq. In addition to just the comparison between the norms
of Apq and N, we will prove that N is simply equal to (—Aag)% plus lower order terms.
This improves the previous estimates and makes the estimates of some Sobolev norms using

N more convenient. From the identity
(2.13) Ay = Npath + KV N + D*(N,N) € 0N

for any smooth function ¢ on Q. Recall that Ny (z) and ky(x), z € €2, denote the harmonic
extension of the unit outward normal vector and the mean curvature of 9€2. Given smooth
f:00 — R, at any z € 012,
D?fu(N,N) =V NV, fr — Vir - VnNy
=V (R frlon) + (=A) 7 (=8)(Trnef) = N(N) - (N(IN + V7 )
=N?(f) = 2VN(=A) " (DNy - D’ fr)) = N(N) - (N (f)N + VT f)

which implies
(2.14) (=Dpq — N f = kN (f) = 2VN(=A)"Y(DNy - D*fr)) = N(N) - ( N(f)N +V'f).

n+3

Proposition 2.6. 1) For s > "=, there exists C' > 0 uniform in Q € A such that we have

|AaQ +N2|L(HS/(8Q),HS/—1(6S2)) S C, S/ c [2 —S5,85 — 1]
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2) For s € (”TH, "TJFS) and s > 2, there exists C > 0 uniform in € A such that we have

n+1

n+5 < C, Sl € (2 — S, 9 )

7 (09) —

2
|[Baa + N ’L(Hs’(aﬂ),HS’*

Proof. For s’ > 1ors > "T%—s in each case, the above inequalities follow directly from (2.14)

and the estimates on H and A/. Thus, by duality and interpolation, we only need to consider

s =1Lors =

: l(n+5

(%32 — 5) in each case, respectively. Let f,g : Q2 — R be smooth and

harmonically extend into Q. Equality (2.14) yields

/a (- Ban-A?)fdS = /8 RN () +aN (V) W)V )52 /Q DNy (Vgr)V frede,

which is sufficient to establish the estimate. O

Corollary. The proposition implies the commutator estimates

(2.15) |[Doa, N1 o0y, 1200y < C; s €[3—s,5—1]

ifs>”T+3 and

/
(2.16) |[Aaﬂ’/\/’]’L((HS/(BQ),HSI*n;J“(aQ)) <, s € (3 — 8, 9 ),

if s € (", 23) and s > 2.
We need the following abstract result for a more careful estimate on N.

Proposition 2.7. Let X be a Hilbert space and A and B be (possibly unbounded) self-adjoint
positive operators on X so that A~*B and AB~! are bounded. Suppose K = A?— B? satisfies
that KB~ is bounded with « € [0,2), then (A — B)B'™* is bounded.

Proof. Let R = A — B. Calculating (B + R)? = B? + K, we obtain
—~BR—RB=R*-K,

which implies

d

E(e—Btfge—Bt> — e—Bt(RQ . K)G_Bt Z _e—BtKe—Bt Z —Ce_BtBae_Bt.

Therefore,
C

R < Cl/ e BB Bl = 730‘_1
0
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Calculating A* = (A — R)? + K with a similar procedure, we obtain

R>—C, / e A A% Al gy — C;QA
0

Thus, the conclusion follows. O

From Proposition 2.6 and Proposition 2.7, we obtain
Theorem 2.1. There exist C' > 0, which depends only on the set A such that if s > ”T*?’
1
[(=800)2 = N+ 90y < C s'efl—s,s—1]

and if s > 2 and s € ("4, %3), for o =" — s,

n—l—l)
5 )

1
(2.17) [(=200)2 — N1+ (90), 1/ —a+1(00)) < C; s e (1—s,

Proof. We will give the proof for the second case only as the proof for the first proof is similar.

The estimate (2.17) follows directly from Proposition 2.6 and 2.7 for s’ € (1 — s, 25+). To

prove the estimate for s” € [25%, 25L) we observe that s’ — 2 € (1 — s, 25%) and we have

N

(I = Doa) ' ((—Aoa)? = N)(I — Dpa)| ng ni1 <C.

L(H 2 (69Q),H 2 ~°T1(60Q))
Thus (2.17) follows from the commutator estimate (2.16). O

Decomposition of vector fields. We conclude this section by introducing the velocity
field decomposition. Given an L? vector field u : Q — R", it is standard to decompose it

into the divergence free part v € L? and the gradient part —Vp for p € H}(Q). In fact,
(2.18) —-Ap=V-u v=u+ Vp.

For any divergence free vector field v € L?(f2), the normal component on the boundary

vE 24 N :9Q — R in H2(09) is defined as
i >= / v - Vppdr
Q
for any ¢ € H%@Q). By interpolation, for any s; € [0, s — 1],

(2.19) v+

o) S Clolae (o)

with C' uniform in 2 € A. This induces a decomposition of v into two divergence free parts,

the rotation part v, and the irrotational (or gradient) part v;., as follows

(2.20) Vi = VHN ot Vp = U — Vjp.
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It is easy to verify v,, vy, € L*(2) and

Vv,=V-vu, =0, <uv.,v; >=0, vt =0.

T

If v is a divergence free velocity field, v, component is responsible of the internal rotation

and v;, of the motion of the domain.

Notation

tr(A): the trace of an operator.

A*: the adjoint operator of an operator.

Ay - Ay = tr(A;(A2)"), for two operators.

B(S,€) = UzesB(z, €): an e-neighborhood of a set S.

D and 0: differentiation with respect to spatial variables.

V f: the gradient vector of a scalar function f.

V x: the directional directive in the direction X.

1 and T: the normal and the tangential components of the relevant quantities.
D, = 0, + v'0,: the material derivative along the particle path.

D, : the projection of D; to the tangent space of 9Q; C R™.

N(t,z): the outward unit normal vector of 00, at = € 0€),.

IT: the second fundamental form of 0, I1(¢, z)(w) = V,N € T,00.
II(X,Y)=1I(X) - Y.

k: the mean curvature of 02, i.e. kK = trll.

fr = H(f): the harmonic extension of f on €.

N(f) = VNH(f): 9Q — R: the Dirichlet-Neumann operator.

X = X ou™! the Lagrangian coordinates description of X.

D: the covariant differentiation on 0€); C R™.

D, = V., for any x € 9 w € T,08;.

R(X,Y), X,Y € T,00,: the curvature tensor of 9€2.

A £ trD? the Beltrami-Lapalace operator on a Riemannian manifold M.
A~ the inverse Laplacian with zero Dirichlet data.

I'={¢ : Q — R"; volume preserving homeomorphism}

2: the covariant derivative on I,
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9: represent Z in Eulerian coordinates.

: the curvature operator on I'.

R: represent # in Eulerian coordinates.

II: the second fundamental form of I' C L?

1T, (wy,wy) = Vilw% for any u € ',  wy,wy € T,,I"

Pow = —A7Mtr(DvDuw).



